A note on the Feynman Path integral for Electromagnetic External fields by Botelho, Luiz C L
ar
X
iv
:1
90
9.
05
12
3v
1 
 [p
hy
sic
s.g
en
-p
h]
  1
1 S
ep
 20
19
A note on Feynman Path Integral
for Electromagnetic External Fields
Luiz C.L. Botelho
Departamento de Matema´tica Aplicada
Instituto de Matema´tica, Universidade Federal Fluminense
Rua Mario Santos Braga, CEP 24220-140
Nitero´i, Rio de Janeiro, Brasil
e-mail: botelho.luiz@superig.com.br
Abstract: We propose a Fresnel stochastic white noise framework to analyze the nature
of the Feynman paths entering on the Feynman Path Integral expression for the Feynman
Propagator of a particle quantum mechanically moving under an external electromagnetic
time-independent potential.
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2. The Fresnel stochastic nature of Feynman path integral
Let us start our note by considering as a basic object associated to a quantum particle
of mass m, the following white noise functional Fresnel-Feynman path integral defined
on an ensemble of closed, quantum trajectories of a white noise process with correlation
function depending solely on the particle classical mass particle
Im[j] =
∫ ~n(T )=0
~n(σ)=0
DF [~n(σ)] exp
(
im
∫ T
0
1
2
(~n(σ)2dσ
)
exp
(
i
∫ T
0
~j(σ)~n(σ)dσ
)
(1)
Where ~n(σ) are the quantum white-noise Feynman closed trajectories on R3 for the
propagation time interval σ ∈ [0, T ] and satisfying the Dirichlet condition ~n(0) = ~n(T ) =
0. Here j(σ) denotes a fixed external real valued path source.
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It is worth to call the reader attention that the normalized white-noise external source
Feynman path integral eq(1) can be straightforwordly (heuristically) evaluated through a
random Fourier series expansion for the random white noise trajectory ~n(σ) 0 ≤ σ < T
yelding the exact result:
Im[~j]
Im[0]
= exp
{
i
2m
∫ T
0
(~j(σ))2 dσ
}
(2)
In order to analyze the stochastic nature of the Feynman integral associated to the
quantum system defined by a particle (of a fixed newtonian mass m)(1) under the presence
of an external time-independent electromagnetic field we firstly consider the well-defined
unique system classical trajectory connecting the spatial points ~x1 and ~x2 in time T .
Namely:
md2~x(σ)
dσ2
= e
(
−~∇.φ+ d~x
dσ
× ~∇× ~A
)
(~x(σ))
~x(0) = ~x1
~x(T ) = ~x2
(3)
We now introduce what we call the effective classical potential, throught the Taylor
expansion below defined
~φeff
(
x, [xcL(σ)]
) definition≡ eΦ(xcL(σ)+√~x)−eΦ(xcL(σ))−√~([~∇ℓ(eφ)(xcL(σ)]×~xℓ (4)
Note that this effective classical potential also depends functionally on the system’s
classical trajectory {xcL(σ)}0≤σ≤T and the Plank constant.
We now introduce the Feynman quantum trajectories of our system defined mathemat-
ically as those paths ~xq(σ), functionals of the Feynman white-noise path ~n(σ), through the
Hamilton-Jacobi equation for the quantum trajectory ([1]), where E denotes the classical
system total energy(2)
1
2m
[(
~∇.W eff − e
c
~Aeff
)
(~x, ~xcL(σ)
]2
+ V¯eff (x, [~x
cL(σ]) = E (5)
(1)The same mass parameter of the (vectorial) white noise eq(1).
(2)
~
(
~A
eff
i (~x, [~x
cL(σ)])
)
= ~Ai
(
~xcL(σ) +
√
~~x
)− ~Ai(~xcL(σ)−√~
[
3∑
k=1
(
∂
∂xk
~Ai
)
(~xcL(σ))xk
]
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Namelly:
d~xq(σ)
dσ
=
(
1
m
(
~∇W eff − e
c
~Aeff
)
(~xq(σ), [xcL]) + ~n(σ)
)
~xq(0) = ~xq(T ) = 0
~n(0) = ~n(T ) = 0
(6)
We claim that the full Feynman path defined below as quantum fluctuations around
the classical path with “size” of order (~)1/2,
~x(σ) = ~xcL(σ) +
√
~(~xq(σ)), (7)
can be mathematical used to be the set of paths that enters in the Feynman path integral
expression for the quantum mechanical propagator, and leading straighforwardly to the
expected result that on the asymptotic semi-classical limit ~→ 0, the leading contribution
comes solely from the classical path.
To show these results, we firstly consider the formal object written fully below:
G(x1, x2, T ) = exp
(
1
~
S[xcL(σ)]
)
× exp
{
− i
~
∫ T
0
dxi,cL(σ)
dσ
Eijk ∂
∂xj
Ak(xcL(σ))dσ
}
×
{∫ xq(0)=0
xq(0)=0
DF [~xq(σ)]
[ ∫ ~n(T )=0
~n(0)=0
DF (~n(σ) exp
(
im
∫ T
0
1
2
(~n(σ))2 dσ
)]
× detF
[
d
dσ¯
− 1
m
~∇x
(
δ
δ~xq(σ¯)
W eff
)
+
δ
δ~xq(σ)
(ec
m
~Aeff
)]
× δ(F )
[
d~xq(σ)
dσ
− 1
m
(
~∇W eff − e
c
~Aeff
)
(~xq(σ), [~xcL(σ)])− ~n(σ)
]}
× (exp(−iET )) (8)
We will heuristically show that it satisfies the system’s quantum Feynman propagator
equation:
+ i~
∂
∂T
G(~x1, ~x2, T ) =
(
(−i~~∇− e
c
~A)2
2m
+ e φ
)
G(~x1, ~x2, T ) (9-a)
G(~x1, ~x2, T ) = δ
(3) (~x1 − ~x2) (9-b)
(div ~A)(~x) ≡ 0 (9-c)
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In order to arrive at such result, we firstly compute exactly the white-noise path
integral with the following result (rewritten entirely on term of the quantum path ~xq(σ))
G(~x1, ~x2, T ) = exp(iET )× exp
(
i
~
S(xcL(σ)
)
×
{∫ ~xq(T )
~xq(0)=0
DF [~xq(σ)]× exp
(
im
2
∫ T
0
[
d~xq
dσ
− 1
m
(
~∇W eff − e
c
~Aeff
)2
(~xq, ~xcL)
]2
dσ
)}
× detF
[
d
dσ¯
− 1
m
∇x
(
δ
δxq(σ¯)
W eff
)
+
δ
δ~xq(σ)
(ec
m
~Aeff
)]
(10)
The action functional on the Feynman path integral thus posseses the following explicit
functional form
im
∫ T
0
1
2
[(
d~xq
dσ
)2
− 2
m
d~xq
dσ
(
~∇W eff − e
c
~Aeff
)
+
1
m2
((
~∇W eff − e
c
~Aeff
))2 ]
(σ)dσ
=
(
im
2
∫ T
0
(
d~xq
dσ
)2
(σ)dσ
)
+
(
im
2
∫ T
0
(
− 2
m
d~x
dσ
· ~∇W eff − 2e
mc
d~xq
dσ
· ~Aeff
)
(σ)dσ
+
(
im
2
∫ T
0
1
m2
(
(~∇W eff)2 + e
2
c2
( ~Aeff )2 − 2e
c
~Aeff · ~∇W eff
)
(σ)dσ
)
(11)
By noting the result (∫ T
0
(
d~xq
dσ
· ~∇W eff
)
(σ)dσ
)
= 0 (12)
togheter with the delta function distribution prescription at coincident points below to
make the functional determinant equals to 1
O(0) = 0. (13)
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We have thus the result
G(x1, x2, T ) = exp
(
i
~
S[~xcL(σ)]
)
×
{∫ ~xq(T )=0
~xq(0)=0
DF [~xq(σ)]
(
exp i
∫ T
0
(
m
2
dxq
dσ
)2
(σ)dσ
)
× exp
(
−ie
c
(∫ T
0
~Aeff(~xq, [~xcL(σ)])
d~xq
dσ
(σ)dσ
))
× exp
(
−ie
∫ T
0
φeff(x
q(σ))dσ
)}
(14)
We now observe that through the classical motion equation eq(3) and the definition
of the effective potential eq(4) and the formal invariance of translation under classical
trajectories of the Feynman path measure (see ref[2]) one can re-write eq(14) in the usual
Feynman form
G(~x1, ~x2, T ) =
∫ ~x(T )=~x2
~x(0)=~x1
DF [~x(σ)] exp
{
i
~
S[~x(σ)]
}
, (15)
with the classical system action(3)
(3)To arrive at the final result eq(16) we suppose the “orthogonality” conditions among the classical
and quantum (fluctuation) Feynman path when in presence of an external time-independent classical
external electromagnetic field:
ie
c
√
~
(∫ T
0
d~xcLi
dσ
· ∂A
i
∂xℓ
(~xcL)~xq,ℓ(σ)dσ
)
= 0
ie
c
(∫ T
0
d~xcLi (σ)
dσ
Ai,eff (~xq , ~xcL(σ))dσ
)
= 0
ie
c
√
~
(∫ T
0
d~x
q
i
dσ
Ai(~xcL(σ)dσ
)
= 0
ie
c
(∫ T
0
d~xq,i
dσ
· ∂Ai
∂xℓ
(~xcL(σ)).~xq,ℓ(σ)dσ
)
= 0
Otherwise we have all of ours results above written holding true for the quantum closed trajectories
(~xcL(σ) ≡ 0), which is surely relevant at the level of the quantum statistical canonical partition functional
or to the trace of the Feynman propagator.
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S[~x(σ)] =
m
2
∫ T
0
(
d~x
dσ
)2
(σ)dσ +
e
c
∫ T
0
(
~A(~x(σ)) · d~x(σ)
dσ
)
(σ)dσ
− e
∫ T
0
φ(~x(σ))dσ (16)
The above heuristic (from a rigorous mathematical point of view [3]) manipulation
shows our claims.
3. Conclusions
As a general conclusion of our note on the nature of the Feynman path integral in the
presence of on external electromagnetic potential we stress that we have substituted the
whole machinery of sliced steps for defining Feynman path integrals for the somewhat clas-
sical stochastic equation eq(6) driven by (still mathematically formal) a Fresnel quantum
white noise ~n(σ). This result may be of practical use for Monte-Carlo sampling evalu-
ations of observables since the numerical approximated solution of the quantum Fresnel
stochastic eq(6) appears a less formidable task than evaluating the Feynman path integral
eq(16) directly. These claims are result that eq(5) is a first order system of usual non-
linear partial differential equations and eq(6) reduces to non-linear algebraic equations
for the Fourier coefficients of the expansion of the closed quantum trajectory in Fourier
series (note that ~n(σ) =
∞∑
n=1
~en sin
(
2nπ
T
σ
)
)·
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